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Mixing step: a pair of items of adjacent rank is sampled uniformly at random, and
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Aim: maintain an ordering 7; which is close to the true ordering
Maximum deviation: mdev(ms) = max; e |7 (4) — i
Total deviation: tdev(m) = Zie[n] |7e(2) — 4| (within factor 2 of Kendall tau distance)
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different systems/features (comparison via A /B testing)

tennis/chess players (comparison via H2H games)
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selection [AKM™T12], top-k [HLSZ17], minimum spanning trees [AKM112], ...

Further problems studied in the evolving data model: matching [KLM16], PageRank
computation [BKMU12, OMK15, ML21], community detection [ALLT16], shortest
paths [ZZW™T16], densest subgraph computation [ELS15], tracking labels [AM22], . ..



Previous results

Background



Previous results

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves
w.h.p. mdev = O(logn) and tdev = O(nlogn).

Background



Previous results

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves
w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).

Background



Previous results

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves
w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).

Background



Previous results

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves

w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).
Conjecture: For any const b > 1, there exists an algorithms which matches this.

Background



Previous results

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves

w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).
Conjecture: For any const b > 1, there exists an algorithms which matches this.

Besa Vial, Devanny, Eppstein, Goodrich and Johnson [BVDE™18a] showed that
INSERTION-SORT for b = 1 achieves w.h.p. tdev = O(n) in O(n?) steps.

Background



Previous results

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves

w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).
Conjecture: For any const b > 1, there exists an algorithms which matches this.

Besa Vial, Devanny, Eppstein, Goodrich and Johnson [BVDE™18a] showed that

INSERTION-SORT for b = 1 achieves w.h.p. tdev = O(n) in O(n?) steps.
~» Quadratic time algorithms are optimal.

Background



Previous results

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves

w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).
Conjecture: For any const b > 1, there exists an algorithms which matches this.

Besa Vial, Devanny, Eppstein, Goodrich and Johnson [BVDE™18a] showed that
INSERTION-SORT for b = 1 achieves w.h.p. tdev = O(n) in O(n?) steps.

~» Quadratic time algorithms are optimal.

Interleaved with QQUICKSORT converges in O(nlogn) steps.

Background



Previous results

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves

w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).
Conjecture: For any const b > 1, there exists an algorithms which matches this.

Besa Vial, Devanny, Eppstein, Goodrich and Johnson [BVDE™18a] showed that
INSERTION-SORT for b = 1 achieves w.h.p. tdev = O(n) in O(n?) steps.
~» Quadratic time algorithms are optimal.

Interleaved with QQUICKSORT converges in O(nlogn) steps.
Proof tailored for b = 1. Open problem: What happens for b > 17

Background



Previous results

Background

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves

w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).
Conjecture: For any const b > 1, there exists an algorithms which matches this.

Besa Vial, Devanny, Eppstein, Goodrich and Johnson [BVDE™18a] showed that
INSERTION-SORT for b = 1 achieves w.h.p. tdev = O(n) in O(n?) steps.
~» Quadratic time algorithms are optimal.
Interleaved with QQUICKSORT converges in O(nlogn) steps.
Proof tailored for b = 1. Open problem: What happens for b > 17
Besa Vial et al. [BVDE"18b] observed bounds extend to more powerful mixing steps
(e.g. hot-spot adversary)?



Previous results

Background

Anagnostopoulos et al. [AKM*12] proved that QUICKSORT achieves

w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).
Conjecture: For any const b > 1, there exists an algorithms which matches this.

Besa Vial, Devanny, Eppstein, Goodrich and Johnson [BVDE™18a] showed that
INSERTION-SORT for b = 1 achieves w.h.p. tdev = O(n) in O(n?) steps.
~» Quadratic time algorithms are optimal.
Interleaved with QQUICKSORT converges in O(nlogn) steps.
Proof tailored for b = 1. Open problem: What happens for b > 17
Besa Vial et al. [BVDE"18b] observed bounds extend to more powerful mixing steps
(e.g. hot-spot adversary)?

Mahdian [Mah14] proposed NAIVE-SORT which in each step samples a pair of adjacent
items; and sort them if they are out of order.



Previous results

Background
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w.h.p. mdev = O(logn) and tdev = O(nlogn).
A more refined version of QUICKSORT achieves w.h.p. tdev = O(nloglogn).
For any sorting algorithm, tdev = Q(n).
Conjecture: For any const b > 1, there exists an algorithms which matches this.

Besa Vial, Devanny, Eppstein, Goodrich and Johnson [BVDE™18a] showed that
INSERTION-SORT for b = 1 achieves w.h.p. tdev = O(n) in O(n?) steps.
~» Quadratic time algorithms are optimal.
Interleaved with QQUICKSORT converges in O(nlogn) steps.
Proof tailored for b = 1. Open problem: What happens for b > 17
Besa Vial et al. [BVDE"18b] observed bounds extend to more powerful mixing steps
(e.g. hot-spot adversary)?

Mahdian [Mah14] proposed NAIVE-SORT which in each step samples a pair of adjacent
items; and sort them if they are out of order.

Open problem: Does NAIVE-SORT achieve the optimal mdev and tdev?
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NAIVE-SORT achieves optimal mdev = O(logn) and tdev = O(n) for any const b > 1 in
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By interleaving with QQUICKSORT, it converges in O(nlogn) steps.

Analysis techniques based on:

An exponential potential function with gaps.
A technique for decoupling sorting and mixing steps.
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Part A: Outline for the mdev = O(logn) and tdev = O(nlogn) bounds.
Analysing sorting steps
Why the normal exponential potential does not work
Why a wvariant using gaps does work

Analysing mizing steps
Combining sorting and mixing steps

Part B: (Brief) outline for the tdev = O(n) bound.
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Analysis

The exponential potential function with smoothing parameter « is defined as

N N

i€[n]

Assume only sorting steps. Recall that NAIVE-SORT tries to sort items in adjacent
positions.
Problem: There could be very few sortable pairs. For example,

T = (45 5767 77 1a 23 3)

All items in the first sorted block contribute the same to ®,.
BUT only the head of a block decreases in expectation.
So, the potential satisfies

E[®|®] =, (1 e (;)) .

Can only be used to prove sorting in O(n?) steps ... and does not work for mixing
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Returning to the previous example

i

T = (45 57 67 77 la 2) 3)

Now, with the gaps, we have that
by = (J_,J_,J_,4,5,6,7,1,2,3,J_,J_,J_>
1 2 3 4 5 6 7

and all distances are increasing in a sorted block.

P, = Z eoldrte(G) =il
Jile(§)#L
the contribution of the head of the block dominates.  ~- overall decrease
So, in a sorting step, we can show that

B[, ,[®,] <, - (1 —Q (3})) .

Since ¥, is exponential,
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E [ D10 |®;] < n - O (Artlogn)logn),

and so Convergence time
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Part B: The tdev = O(n) bound



Why the previous analysis does not extend

Analysis

The previous analysis uses long intervals of length kn.
Problem: When k = o(logn), then mdev(7) = w(k).
For example, when k = ©(1), it follows that mdev(7) = ©(logn/loglogn), and so the

previous upper bound does not guarantee a decrease

E [(I)t+kn|q)t] <n- e—@(l) . e@(logn/ loglogn) _ n - e@(logn/ loglogn).

Obsrvation: We are assuming worst-case bound on displacement for all items in 7.
Solution: Reset targets only for items with small displacements (those below
O(k*/3)).

Small displacements: handle as in previous analysis.

Large displacements: show that on aggregate they don’t contribute much.

We prove a concentration inequality (c.f. [LS22]) showing that
Pr|®o, <n- eo(k2/3) >1-—n"2

which implies that aggregate contribution of large displacements is n - e~2*"/*).

16



Putting it all together

We repeat for ©(logloglogn) iterations.

In iteration i, we set k11 = (ki)2/3~

® = poly(n)

Sum of large displacements: [l \

29 +..4+n-e’ﬂ(kzl/3) +...

'
'
: n- e—(l((logn)l/s) +n- e—Q((log n)
'

= T -
?{;Ll <n- ea((l"g")wsl -

, ’

I
I
]
. [l
I
I
[l
I

By, <n-eOlloxm)™?)

N

q)leuogloglog n) < O(n)

?

G

n?- (b+1) nlogn

nlogn  \plog?®n

to 1 ty ti1 t; tiv1 te(log log log n)
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For more visualisations, see: team.inria.fr/wide/papers/focs24
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